AN IMPROVED RESTRICTION ESTIMATE FOR R' 



FARUK TEMUR 

Abstract. We improve the best known exponent for the restric- 
tion conjecture in R 6 . Our idea is applicable to any dimension 
n satisfying n = mod 3, though we do not explicitly calculate 
the improvement for n > 6. This improves the recent results of 
Bourgain and Guth. 



1. Introduction 

In [B] Stein posed the following well-known conjecture. Let S C 
R n be a smooth, compact hypersurface with positive definite second 
fundamental form and a its surface measure. Then for p > 2n/n — 1 
and / G L°°(S, a) we have 

(1) \\Jd°\\v<\\f Woo- 

This conjecture is related to some other important problems in har- 
monic analysis and PDE such as the Kakeya conjecture, the Bochner- 
Riesz conjecture, local smoothing problem; see |5] [5]. For n = 2 it is 
known to be true; see [J]. For n > 3 it is open despite much effort. The 
first progress towards this case was Tomas-Stein theorem, which was 
proved in 1975 and gives p > 2(n + l)/(n — 1); see [TJJ. Then in 1991 
Bourgain was able to go below this exponent; see [2J. Wolff improved 
Bourgain's result to (2n 2 + n + 6)/ (n 2 + n — 1), see [13]. Then in three 
dimensions Tao, Vargas, and Vega further lowered this exponent, and 
more importantly they developed the bilinear approach which related 
this conjecture to restriction estimates for compact, transverse subsets 
of hypersurfaces; see J9j [10]. The work of Tao in 2003, which was a bi- 
linear estimate for compact transverse subsets of paraboloids, through 
this bilinear method, verified the conjecture for p > 2(n + 2)/n; see [7]. 
This exponent is best one can obtain from that approach. 
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In 2006, Bennett, Carbery and Tao posed a multilinear version of the 
restriction conjecture and resolved it. Let S±, . . . , S m C R n be smooth 
compact hypersurfaces that are transverse, that is for any choice of 
points {xi G Si} we have \x' x A • • • f\x' m \ > c where x\ is the unit normal 
at Xi and c some constant. Let <7j be the surface measure of Si. Then 
for q > 2m/m — 1 and p' < q(m — l)/m the work of Bennett, Carbery 
and Tao in [1] implies 

m m 

( 2 ) ii n^ rfcri ii iq/m ( Rn ) ~ n ii^iu^)- 

i=l i=l 

This result by itself does not imply any progress towards the restric- 
tion conjecture. But recently, Bourgain and Guth combining this with 
the idea of rescaling invented in [5] significantly improved the known 
exponents for n > 4; see [3|. The exponents given in |3] are for every 
n > 2 as follows: 
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For n = 3,4 this does not give any improvement. But refining their 
analysis and combining with Wolff's Kakeya maximal function estimate 
in [13], Bourgain and Guth, for n = 3, improved the known exponent 
p > 10/3 to p > 33/10. The aim of this paper is to show that this 
refined method can be used for n = 6 too, and to calculate the im- 
provement. We shall also make it clear how to use this strategy for 
any dimension n = mod 3, though as the improvement is very small 
and process very technical we will not calculate the improvement for 
general n. We state the case in n = 6 theorem: 

Theorem 1. Let S C -R 6 be a smooth, compact hypersurface with 
positive definite second fundamental form and a its surface measure. 
Then for p> 18/7- 2/735 and f G L°°(S,a) we have 

(4) \\fda\\ P < ll/Hoo. 

Thus the improvement we have over previous best exponent is 2/735. 

The rest of the paper is organized as follows. In section 2, we describe 
the proof by Bourgain and Guth of ([3]) , and point out what allows us 
when n = mod 3 to improve this. In the next section we calculate 
explicitly the improvement for n = 6, and at the end of that section, it 
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will be clear to the reader that the process can be repeated to obtain 
improvement for any n with n = mod 3. 

2. BOURGAIN-GUTH ARGUMENT 

We start with several lemmas, proofs of which can be found in [3]. 
The first two lemmas rely on multilinear estimates of PQ, while the 
third uses the idea of rescaling introduced in j9]. 

Let S be a compact, smooth hypersurface in R" with positive definite 
second fundamental form. Let for x G S, x' G S n ~ l denote the unit 
normal to the surface at the point x, and let T : S 71 ^ 1 — > S be the 
Gauss map. Hence V(x') = x. In what follows we will use the notation 
§ E to denote the average over the set E. Now we are ready to state 
our first lemma. 

Lemma 1. Let UiCS,l<i<nbe small caps such that \x[ A ... A 
x' n \ > c for all Xi G U{. Let Di <zUi, 1 > i < n be discrete sets ofl/M 
for M large. Let a be a bounded function on S. Let Bm C R n 



(5) 



„ n n 
JB M j = l £ g £>. i= i ^ eD - 



where Bm C R n is a ball of radius M. 

Lemma 2. Let 2 < m < n and V be subspace of R n of dimension 
m. Let P\ . . . P m G S be points that satisfy P! G V for all 1 < i < m 
and \P[ . . . P^\ > c. Let Ui,...,U m C S be small neighborhoods of 
Pi . . . P m . Let M be large and Di C Ui for all 1 < i < m be sets 
ofl/M separated points £ that obeys the condition dist(£',V) < c/M. 
Then for gi G L°°(Ui), we have 

„ in „ 

f IIlE / gi{Qe ix <a{dQ\^dx^ 
M£ (/ fi(El/ gi(C)e ix <o-(dC)\ 2 )^dx)^. 

JBm i= i J\(-(\<jt 

Lemma 3. Let U p be a cap of radius p on S. Then 

II / g(t)<f*vm\\w R ) < P n -^ n+1)/p Q% 

JU P 
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Now we are in a position to describe Bourgain-Guth argument. Let 
g e L°°(S), \g\ < 1 and let x G B R . Let R e > K n > K n _ x » . . . > K x 
to be chosen later. Decompose S into caps [/" of size 1/K n , thus 

/ g(Oe lx< a(dO = £ / ^(Oe^W = £*). 

As in [3] to avoid technicalities we will assume c™(x) to be constant on 
balls of radius K n . For a fixed x we have two possibilities: 

1.1 There exist «i, ...,a n such that |£i A. . . A£' n \ > c(K n ) for £j G C/ aj 
and |c™ > K~ n max\c l l(x)\. 

! a 

1.2 The negation of this, namely there exist a (n — l)-dimensional 

subspace V n -\ such that |c"(x)| < K~ n m&x\c™(x)\ if dist([/™, V^-i) > 

« 

1/ifn where stands for the image of V D 5 n_1 under the Gauss map. 
If 1.1 holds then 



In 



i=l 



and thus 



/ f^)^K)r<e- 1)p ^ / III / s(£K^R)l p/n 
Js Ql Qn i= i ^ 

Assuming p > 2n/n — 1 we can apply the multilinear estimate from pQ, 
which yields 

where C(K n ) is some power of K n . The exponent 2n/n — 1 is the one 
prescribed by the restriction conjecture, thus in this n-linear case we 
get best possible exponent. 
Now assume 1.2 holds. Then 



/ g(Oe lx< a(dO < [ g(Oe lx< a(dO 
Js 7distK,v„_i)<-^ 

+ ^max| f g(Oe lx MdO\ 

&n a Juji 



= 1 + 11 

Since c™(x) is constant on balls of radius K n , on such balls we can 
take the linear subspace V^_i to be the same for all x. Hence contri- 
bution from II is bounded by 



7^(£ II / 9(0e lx Hd0\\ P P ) l/p < Kf^ 1] Q p R/Kn < K-'Ql. 

a " u a 
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To evaluate I we proceed as before. 

a ■/u2- 1 n«:dtot«,Vi,-i)}< 1 ^ 

We again have two cases: 

2.1. There exist ai, . . . , a„_i such that \^[, . . . , > c (-^n-i) for 

& G U%-\ and Ic^Hx)! > ^ir^maxlcr 1 ^)!- 

2.2. The negation of this, namely there exist a four dimensional sub- 
space V n - 2 such that \c n a ~ l (x)\ < K~^~ 1] m^d 1 - 1 {x)\ if dist(C^" 1 , t>„_ 2 ) 

First assume 2.1 holds. Then 

i<^(fflcW /fl_1 - 

i=l 

thus 
(6) 

» n— 1 « 

/P < ^n-3> £ V j / 

B(a,JC„) «i,--,an_i J B(a,K n ) i=l J U^ndist^-i)^ 

If p > 2(n — l)/(n — 2) then the multilinear theory of [T] applies to give 

< R e C(K n ^). 

as before. Thus assume p < 2(n — l)/(n — 2). We still want to ex- 
ploit multilinearity, at least partially. Thus use Holder to raise p to 
2(n — l)/(n — 2) in ([6]), and apply Lemma 2 to obtain the following for 
individual integrals on the right handside. 



JB(a,K n ) i=1 i JUS 

where ^ i is taken over all a such that £7™ C U™~ 1 and U£ fl V n -\ ^ 0- 
Then 

<J^(7(J^0(/ ( £ |/ ^(Oe"V(rfO| 2 )^) P . 
Then by Holder the integrand above satisfy 

^(i-D r ^ )efa ^ (de)|p) i/P 

J [7™ 
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where a is unrestricted in the summation. Substituting this and inte- 
grating over B R yields 



< CiK^Kt 2 ^-^ ( £ || / 9 (0e"Md0 \\ p Lp{Br) ) V " 



Using rescaling one obtains 

< c ( /c,- 1 )A-r 2>, '-' ,+ ^- ( "- 1,+SJ1+< = c ( K^) K y-^. 

Suitably choosing K n with respect to X n _i, shows that p > 2{n + 2)/n 
suffices. Thus we obtain the condition p > min(2n/ {n — 1), 2(n + 2)/n). 
Then we proceed similarly to handle 2.2. Continuing this process gives 
the condition 

2t2 fc I 1 

(7) p > 2 min( , ) for all 2 < k < n 

fc — 1 2n — fc — 1 

which gives ([3]). Here p should be greater than minimum for all values 
of 2 < fc < n. Thus the condition is that p should be greater than 
the maximum of these minima. When n = mod 3 this maximum 
is attained only at the value fc = 2n/3 and it comes from the second 
term, thus has the value f^^f. The value of the first term then is 

' An— 3 2n— 3 

which is strictly greater than f^zf- This is what allows us to improve 
the exponent when n = mod 3. For the particular case of n = 6 we 
have 

u \% _ 

(8) p > 2min( , ) for all 2 < fc < 6. 

fc — 1 11 — fc 

For fc = 6, 5 minimum comes from the first term, for other fc from the 
second. The maximum of these minima comes from fc = 4 and is 18/7. 
For this fc = 4 first term gives 8/3 > 18/7 and in our refined analysis 
we shall exploit this. 

3. Refined Analysis 
From the analysis of the last section we can write 



\Tf\<C(K 6 ) max(|T/ il |...|r/ i6 |) 

Ul,...,l6 



1/6 



Vm-l 

m=2 k=l jn(i fc nv- m _i)^0 



(a,l/K 2 )\ 



Here by we denote caps that are of radius 1/K m in m-linear term, 
V m -\ denotes m — 1 dimensional subspaces and Kn-i the image of 
Kn-i H S 5 under the Gauss map. The notation j denotes caps of radius 
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l/K m+ i in m- linear term. Our idea is, as among these terms 4-linear 
gives the worst exponent, iterating this decomposition for smaller caps 
in that term we may obtain some improvement. To apply this idea we 
replace the 4-linear term as follows. Let L m _ 1 denote the caps j of size 
l/K m+ i such that j n V m -\ ^ 0. By Lemma 2 we have 



(niE^i*) 



<B(a,K 5 ) k=1 j&k 

where L 3 is the Thus we may write 



< 



^(£ra 2 ) l/2 

jCL 3 



niE T // /4 =^(Ei T ^i 2 ) 

jCL 3 



1/2 



k=l jeik 

where is constant on balls of radius 1 and satisfies 



JB(a,K 5 ) 



We shall iterate our decomposition for these caps j. We now describe 
this in a more general fashion. Let r be a cap of radius 5. By first 
scaling to the unit scale, then applying the decomposition, then scaling 
back we get the following: 



\Tf T \ < C(K 6 ) max(|T/ n |...|T/ 



,T6 



re I 



r)CL 3 



2\V2 



m=2,3,5 k=l 



T/,| 1/m + max|T/ B( 

a,S/K 2 )\ 



Here, similar to what we have above by r k we denote caps that are 
of radius 1/K m in m-linear term, and the notation t] denotes caps of 
radius 1 / K m+ i in m-linear term. Furthermore we have <p T constant on 
boxes t' that are dual to cap r and for boxes K 5 r f 



These two are simple consequences of rescaling. 

We apply this decomposition to 4-linear and 1-linear term in our 
main decomposition. Clearly as we iterate it we will need to multiply 
functions <p T arising in each step of iteration. To investigate what hap- 
pens in this case let (f> T and (p v be such functions arising in consecutive 
steps. Thus (fi T is constant on boxes r' that are dual to the cap r, and 
<fi v constant on boxes i]' that are dual to the cap r\. As r\ arise when we 
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decompose r, if we let r be a 5 cap, 77 is a 5/K$. Now let B be a Kgq' 
box. One can, of course, decompose this box into 77' boxes .Bq,, thus 



B 



J B 



Since an 7/ box has size i^r' with direction differing from that of a r' 
box only by and angle of 5, we can indeed partition B a into a constant 
number of r' boxes, which allow us to write 



and hence 



a B <* JB a a JB a JB 

After this investigation we are ready to state the final situation after 
iterating the decomposition: 

^ 2 1 1/2 



m=2,3,5 TGEg j=l rjCTj 

1/2 



\Tf\<W max mzx\J2{M\Tfr 1 \---\Tf T6 \) 1/6 y 

Rr 1 / 2 <S<1 E s L 

t&E s 

m 

+ R e V max maxf V (0 r (maxTT| Vt/J) 1 ^ 



1/2 



+ it* max \yU T \Tf T \) 

E «~ 1/2 \eE 



where 

1. is a collection of 5 caps, with cardinality 5~ 3 . 

2. In m-linear term tj C r are caps of size S/K m satisfying Tj fl V m -\ 
and the linear independence condition. 

3. In m-linear term r\ C Tj are caps of size 5/K m+ i and r]nV m ^i 7^ 0. 

4. § B (p T < R e where B is a r' box. 

We shall estimate each of the following terms above. For each of 
m-linear terms where m > 1 we proceed as follows: we first estimate 
the term in the LP space with the exponent given by (jHJ) for k = m. 
Then we estimate at L 18 / 7 which is the maximum of exponents given by 
(jHD exactly in the same fashion. Then we do a refined estimate using 
pigeonholing at the exponent 18/7 in two different ways to obtain a 
small gain. Interpolation with the estimate at the exponent given by 
(JHJ) will determine the small amount of improvement to the exponent 
18/7. For the 1-linear term process is similar but simpler. We start 
with estimating the 6-linear term. 
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3.1. Estimates on 6-linear term. We consider the term 
(9) max[^(0 T (|T/ T1 |---|r/ T6 |) 1 /«) 2 l 1/2 . 

Assume |/| < 1. Using rescaling one obtains 

/ (\Tf Tl \---\Tfr 6 \) 2/5 <5 5 [ (\T gUl \-..\Tg U6 \f 5 

J Br J Bs R 

where \g\ < 1 and U\---Uq caps of size 1/Kq satisfying the linear 
independence condition. Thus multilinear theory of pQ applies to yield 

With this at hand we proceed to estimate at the exponent 12/5 given 
by (jHJ). Using Holder we have 

[ £ (M\Tf T1 \ ■ ■ ■ \TUf«) 2 ] *<\E S \*[E {M\Tf T1 \- ■ ■ \TU)*) ¥ 

<^[Y,(M\TfrA---\TU)*) f f' 

T 

Now r ranges over a full partition into 5- caps of S, and does not 
depend on particular choice of Eg. Now let B stand for r' boxes. Since 
\Tf Ti \ are constant on t[ boxes, we have 

/ (^(|T/ n |...|T/ T6 |)l)^<E(l^/n|---|^l) i ( / 

J B B JB 

^E(/(l T ^|---|^al) § )(/^ 2/5 ) 
o J B J B 



<W f (\Tf T1 \...\Tf Te \)l 
Jb r 

< R e 5 5 . 



Using this we finally obtain 

(10) \\W\\iw»iB X ) <R e $- 1/A - 

On the other hand applying the same process yields 

(11) H®|Li8/r (BH ) <R e - 

Now we begin finer estimates. Let < A < 1 and define 

9t,x = 9A{g T ~\ss} where g T = (|T/ n | • • • |T/ T6 |) 1/6 . 
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Then 

Using this 
(12) 
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J B R J B R 



I m a X ( y](^r,A) 2 ) 



9/7' 



7/18 



< i? e A 1/15 . 



We do one more pigeonholing. Let 1 < /x < 00 and decompose 

fi dyadic 

where 

0r, M = <M{</, T ~ M }, <f>T,l = <M{0 T <1}- 

Then we have 



Jb Jb 



(13) 



max( ^(0 r ,^ r , A ) 2 ) 



2\9/7 



7/18 



< R e X 1/15 ii~ 1/27 . 



We now estimate the left hand side of the inequality above in a 
different way. Clearly we have 



(14) 



t£E 5 



2 \V2 



Now r ranges over a full partition into 5 caps of the surface S. We 
write 

\Tf n \^<\Tf Ti \^*(6 7 l T/ ). 



Then 



So 



We have 



9r< I {i\\Tf^l**^{z){#U.){x-z)dz 
J 1=1 

< J u(z)(5 7 l T ,)(x - z)dz. 

9r,x ^ S 7 J {u 2 l {w > x ^}){z)l T '{x - z)dz. 

j - 2 w } <(^) 2/ 7- i2/5 
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which is 



\5 5 ' 



{[[ \Tf Ti \(x - z^f/'dx) ( n(^lrO(^))^i •••dze 

i=i i=i 

< iFA" 2 ^ 3 . 

This puts us in a position to bring into play the Kakeya maximal 
function estimate of Wolff, for we have 

4a<^ 10 A- 2/5 | lAx-y)P T (dy) 

where P T (dy) is a probability distribution. From this and convexity we 
have 

l|max( ^(0r,^r,A) 2 ) 1/2 |lLi*/7(Bfl) < i?>5 5 A~ 1/5 || ( ^ 1 r' (x ~ y T )) || L lS/7(B R ) 



Eg 

r£E s 



= R^\^\\(J2 1 r'( X -yr)) 1/2Ul/2 



where y T is a choice of points in R 6 . Now we are ready to apply Wolff's 
Kakeya estimate. For 5 separated 5 tubes T this estimate gives 

ll£xT|U3<<rV2-. 

T 

Interpolating this with the trivial estimate at L 1 yields 

T 

Using rescaling and this yields 

\\(J2iA*-yr))\\% BR) <R^. 



Thus finally 



ll^ax( £(0 r ^ r , A ) 2 ) 1/2 || Ll8/7(Bfl) < i^^A-V* < R^5^X-^. 

Now lets see our estimates together: 

||max( £(0^ r ) 2 ) 1/2 || Ll2/5(Bfl) < 

6 t&E s 



re*. 
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Interpolating these gives the small improvement 

2 

735' 



3.2. Estimates on m-linear terms for m = 2, 3, 5. These estimates 
are quite similar, so we will try to handle them in a generalized fashion. 
For m = 3, 5 exponents given by El are the same , and we will be able 
to estimate them together. For m = 2 only estimate at the exponent 
given by |8] needs to be done separately. 

We start with estimating 3 and 5-linear terms at the exponent given 
by [8] which is 5/2. We consider the term 



(15) maxf Y, fa-feu* A I E T fv\) 1/k f 



Eg L V V m -1 . 

reE s 3=1 tjCtj 



1/2 



where m is 3 or 5. The maximum taken over all V m -\ will not make 
any difference to our estimates and will be ignored since our estimates 
will remain the same for all V m -\- Thus lets fix V m -\. Assume |/| < 1. 
Using rescaling one obtains 



•> Br j=i nCTj Jb ^r j=i ncUj 



5/2m 



where \g\ < 1, U\ ■ • ■ Uq caps of size l/K m satisfying the linear indepen- 
dence condition and k C Uj are caps of size S/K m+ i and Knl4~i 7^ 0- 
Thus m-linear estimates from section 2 gives 

With this we proceed as in 6-linear case. By Holder 



m i m 

[ E WII i E T f^) 2 } ~ 2 < m& [E (mU i E 

m 

*-*[EwniE r /ii)») r 



t£E s j=l r/CTj t j=l tiCt. 

< 



j=l r/CTj 



5' 



Now t ranges over a full partition into 5- caps of S, and does not 
depend on particular choice of Eg. Now let B stand for r' boxes. Since 
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\Tf Ti \ are constant on t[ boxes, we have 

/ (wniE^i™) 1 sE<niE r Ai)±L( / 4>r) 

j=l ^cr, B j=l r,CTj jB 

E(/(fliE T M)^)(/^ /2 ) 

B JB .7=1 DCTj " /B 



< 



,/B « i=i vctj 

Using this we finally obtain 

(16) \\m\\L^ { Bn)^ Re ^ llW - 

On the other hand the same process yields 

(17) \\<m\\ L ^ {BR) <R e . 

Now we do the same process for 2-linear term. This time exponent 
from [8] is 22/9 and the term considered is 

2 

(18) max[^ (0 T (maxni E T ^l) 1/2 ) : 

TG-B 4 j = l T]CTj 

Using rescaling one obtains 



1/2 



/ (fliE T ^i) 11/9 ^ 547/9 ^ 

J Br j=1 vCTj 

Then the process above yields 

[ E («n i E T ^f] 1 s *"* [E (Mil i E T h\n 

t£E s j=l r?CTj t j=l ?7CTj 

and 



Finally 



j=l r)CTj 



m\\L^ { B R )<R £ S- 2/n . 



At 18/7 the same process yields 

HdIH])|Ui8/7( Bfl ) < R e 
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Now we proceed to finer estimates. First let m = 3 or m = 5 
we begin finer estimates. Let < A < 1 and let this time 

m 

9r,x = gA{g T ~Hi*} where g T = (JJ | ^ Tf ri \) 1/m . 

j=i nCTj 



Then 



'Br JBr 

Using this 



(19) [/ max(^(0 r , r , A ) 2 ) 9/7 l 7/18 <^A 1 / 36 . 

Decompose T exactly as before. Then we have 

(20) [ / max( £ fa^)*)" 7 ] ^ < R e \ 1/36 fi~ 1/27 - 

Now we estimate 

using Kakeya maximal function as in the 6-linear case. Clearly 

(21) max(^(0^, A ) 2 ) 1/2 < / ,(^^ A ) 1/2 - 

T&E 5 T 

Where r ranges over a full partition into 5 caps of the surface S. 
write 

iE T ^i 1/m ^iE T ^i 1/m *(^')- 



Then 



So 



We have 



/m 

1=1 VCTj 

J u{z){5 7 l T i){x — z)dz. 
al,\ (u 2 l {uJ >x 5 s } )(z)l T ,(x - z)dz. 



< 



L/ 1 ^ ~ ( ^ )l/2 / w5/2 
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which is 



< (— ) 1/2 



/m 6 
(II I E Tf v \(x-z i ))^dx)(H(8 7 l Tf )(z i ))dz 1 ■ .-dZr, 

i=l iiCt, i=l 



1=1 »?c 

Hence, 

9r,x<R £ S 10 X- 1/2 J lAx-y)P T (dy). 
Thus proceeding exactly as in the 6-linear case we shall have 

||max( J2^9r,x) 2 ) 1/2 \\ L ^ (BR) < tf^W < R^S^X'^. 

Summarizing our estimates 

||max( £(^) 2 ) 1/2 |U 2(Bk) < R e S- 1/W - 

reE s 

Then interpolation yields that improvement is 

5 



1764 

Of course the whole process is very similar for the bilinear case. 
Again for < A < 1 let 

2 

9r,\ = gA{ 9T ~\ss} where #r = (JJ I E T h\f /2 - 

j=l ri<ZTj 

Then 

f glf < (A5 5 ) 18 / 7 - 22 / 9 f g 2 T f < K\*I™6*W. 

J Br J Bn 

Using this 

(22) [/ max(^(^ r , A ) 2 ) 9/7 l 7/18 <^A 4 / 81 . 

Decompose r exactly as before. Then we have 

(23) [ / max( £ (<^ r , A ) 2 ) 9/7 j ^ < ^ . 
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Now we proceed to the other type of estimate. Clearly 
(24) max(^(0^ T , A ) 2 ) 1/2 < / ,(^^ A ) 1/2 - 

reE s t 

Where r ranges over a full partition into 5 caps of the surface S. We 
write 

iE t // /2 ^iE t ^i 1/2 *(^'). 

■qCTj r)CTj 



Then 



„ m 



< 



1 T)CTj 

u>(z)(5 l T ')(x — z)dz. 



So 



9r,x < S 7 f (u 2 1{u>\8S})(z)1t'(x - z)dz. 

W 2 l{c>A5^} < (^) 4/9 /' 



We have 

r i r 

w 22/9 

which is 

2 2 
(J] | ]T Tf v \(x - Zi))%dx) ( n(^lr0(^))^1^2 



< ( J_) 4 /9 



1=1 »?CTj 1=1 

< i? e A" 4/9 (5 3 . 

Hence, 

^a<^ 10 A- 4/9 | V(x-y)P T (dy). 
Thus proceeding exactly as before we shall have 

l|max( ^(0 T ^ T , A ) 2 ) 1/2 || Ll8/7(Bji) < R^X'^ < R^X'^. 

Summarizing our estimates 
na: 

E S 



max( ^(0 T ^) 2 ) 1/2 || L22/9(Bjj) < ITS- 2 ' 11 . 



\™M E(^A) 2 ) 1/2 |L 1 s/ 7(Bfl) < i? e min(/iA~ 4/3 5 1/9 , A 4/81 /i _1/27 ) 



AN IMPROVED RESTRICTION ESTIMATE FOR R ( 
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In this case improvement is 

11 



3969 



3.3. Estimates on the linear term. We first estimate in L 12//5 . We 
have 

ii[E(^i t m) 2 ] 1/2 ii^(^)<^ 1/8 [E / Wv|tm) 12/5 ] 5/12 . 

Here on the right hand side r ranges over a partition into R~ l l 2 of all 
of S. Also note that integral on the right hand side is actually over a 
t' box due to concentration of Tf T . Combining this observation with 
the fact that \Tf t \ < i?~ 5/2 we obtain 

< R t+1/S 

We estimate in L 18//7 first without using Kakeya maximal function es- 
timate . First decompose <p T into Ti(U exactly as before. Then 

ii [E(^i T M) 2 ] 1/2 n^(^) ^ Rl/6 (H ii^Mi^( Bfl )) 7/18 

r€E t 

Now we shall estimate using Kakeya maximal function bounds. Thus 
as before we write 

\Tf T \ 2 <R- 7/2 J \Tf T \ 2 (y)l T (x - y)dy 

f \Tf T \ 2 <R- 3/2 . 
JB R 



and estimate 



So 

V2„ „r^, ,,^ 1 / 2 



[E(0.,m|tM) 2 ] \\ l ^ {Br) < ^11 [J2 l T M) 2 ] \\lw (Br) 

T 

<R-^^\\^A--yr)\\% {BR) 



reE t 

(7 i 3 



< ^-5/2+22/9+^ 

< i?- 1/18+ >- 
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Interpolation shows that the improvement for this term is as in the 
six-linear case 

2 

735' 

We are thus ready to compare improvements, and see the final result. 
Improvement is 

2 5 11 2 

mm ^735' 1764' 396<r ~ 735 
and so we have Theorem 1. 
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